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Optimization of Two-Dimensional Scramjet Inlets

M. K. Smart*
NASA Langley Research Center, Hampton, Virginia 23681

The classical optimization of two-dimensional supersonic inlets for maximum total pressure recovery
is extended to two-dimensional scramjet inlets. The result that optimal supersonic inlets have shock waves
of equal strength is often applied to scramjets. However the typical flow turning constraint required for
scramjets, along with the lack of a terminating normal shock, lead to a more involved optimization
problem. Despite this, optimization by the method of Lagrange multipliers indicates that scramjet inlets
with maximum total pressure recovery have external shocks with almost equal strength. The optimal
total pressure recovery and turning angles for some typical scramjet inlet configurations with up to five
shocks are presented.

Nomenclature
F = G + Zr-iA,^
/ = {[(7 - D/(r + 1)] + [2/(y + 1)](1/M2 sin2/?)}-1

G = function to be optimized
g = {Pr/(r + D]M2 sin2/3 - [(y - l)/(y + I)]}'1
M = Mach number
m = number of constraints
n = number of shocks
P = pressure
PR = inlet compression ratio
PT = inlet total pressure recovery
PT = total pressure
x = 1 + [(y - 1)/2]M2

y = 1 + [(y - 1)/2]M2 sin2/3
j8 = shock angle
6 = shock turning angle
A = Lagrange multiplier
\\t = constraint relation

Introduction

IN 1944, Oswatitsch published one of the classical papers
of high-speed aerodynamics. In this article (translated into

English as Ref. 1), Oswatitsch set out to determine which com-
bination of n — 1 oblique shocks and one terminating normal
shock reduced a supersonic flow to subsonic with the maxi-
mum total pressure recovery. With some intuitive manipulation
of gasdynamic relations and the use of Lagrange multipliers,
he proved that total pressure recovery is a maximum when all
of the oblique shocks have equal strength. Based on the results
of this work, the optimal shock strengths, total pressure recov-
eries, and turning angles for two-dimensional supersonic inlets
with up to four shocks were plotted in Ref. 2 for Mach num-
bers ranging between 1 and 5.

Oswatitsch's analysis is applicable to two-dimensional su-
personic inlets for gas-turbine engines. Scramjet engines, how-
ever, have somewhat different inlet requirements. A scramjet
inlet is usually required to generate a specified pressure rise at
a given Mach number, and to supply supersonic flow to a
combustor that is typically aligned with the flow entering the
inlet. A schematic of a two-dimensional scramjet inlet is shown
in Fig. 1. In this inlet, the flow is first compressed and turned
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by a series of external shocks, then compressed and turned in
the opposite direction by a series of internal shocks. This
mixed compression results in a supersonic flow entering the
combustion chamber at or above the required static pressure.
The relative amount of external and internal compression used
in a particular inlet is dependent on the relative angle of the
entrance and exit flow and inlet starting requirements. Two-
dimensional scramjet inlets are optimized in the current work
to produce maximum inviscid total pressure recovery by the
method of Lagrange multipliers. It is worth noting that this
method requires trivial amounts of computation time when
compared with more general optimization techniques based on
gradient methods or genetic algorithms.

Optimization of a Scramjet Inlet with n — 1
External Shocks and One Internal Shock

The constrained optimization problem represented by a
scramjet inlet with n — 1 external shocks and one internal
shock can be solved using the method of Lagrange multipliers.
As a general statement of this method,3 the extreme values of
a function G(xi9 x2, . . ., */), whose / variables are subjected
to m constraining relations ^(x^ x2, . .. , */) = 0 (/ = 1, 2,
. . ., m), can be found from the solution of the / equations:

— = i= 1,2, . . . , /

and the m constraining relations, where

m

F=G + Wi

The parameters At are the so-called Lagrange multipliers. Es-
sentially, this method reduces the determination of extremum
values of a function with / unknowns and subject to m con-
straints, to the solution of a set of / + m equations.

The function to be maximized in the current work is the
total pressure recovery of the inlet, PT. The constraints placed
upon the problem are

1) Shocks obey the Rankine-Hugoniot relations.
2) Flow exits the inlet parallel with the incoming flow.
3) The inlet compression ratio, PR, is such that the ratio of

the freestream dynamic pressure and the inlet exit pressure is
unity.

This problem is formulated in the current work in a similar
fashion to the supersonic inlet problem of Ref. 1 . However, in
contrast to the supersonic inlet problem, it does not have an
easily recognizable general solution.
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Fig. 1 Schematic of a two-dimensional scramjet inlet.

Figure 2 shows a schematic of the shock-wave system used
for the analysis. The n — 1 external shocks are labeled with
subscripts 0, ! , . . . , « — 2, and the internal shock is labeled
with subscript n — 1. The total pressure ratio across a single
shock is given by

-^ =/r(-i)^-i)

where

1

y + 1 y 4- 1 M? sin2#

6/ \y + 1 ' y + 1

The total pressure recovery of the inlet is then
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Fig. 3 Required inlet compression ratio.

(2) The flow turning constraint is simply

For numerical expediency, the natural logs of both sides of Eq.
(2) are taken, and we seek to maximize

G = (y - l)€n(PD = ]£ (y €n/ + €n gl) (3)

The 2ft unknowns in the problem are A/t, M2, . . ., Mw and
j30, )3i, . . . , ft,-i. To simplify the problem, new unknowns are
introduced, namely,

jc, = 1 + [(y - 1)/2]M?

1 + f(y - l)/2]Af? sin2#

(4)

(5)

Shock turning angle, ft, as well as / and g, can be expressed
in terms of *,- and y/ as

ft = tan" x, - y, 2y, - (y
- 1 (y + i:

y + l y,,- l
y - 1 y,

y- 1 1
y + 1 [4y/(y + l)2]y, - 1

(6)

(7)

(8)

The constraint that all n shocks must satisfy the Rankine-
Hugoniot relations is conveniently expressed as

Finally, the compression ratio constraint is expressed as

= 0 (9c)

Equations (9a-9c) represent the m = n + 2 constraints placed
on the 2n unknowns. The function F is

F=G

F = (y tnft
i=0

(10)

/ «-2 v rn-1 "I

ft,-! ~ X ft , I + Afl + 1 X €n^' + in(PR)
\ i=0 / L '=0 J

A,,

Equating the partial derivatives of F with respect to xi9 x2,
xn to zero gives the n equations:

d0
A/-! ~ A.../&. - A, —- = 0, i = 1, 2, . . ., n - 2

d0 _,
A w _ 2 - A,-,/,-,*,-! + A, T^1 = 0 (lla)

j/r. = Xi+l - xtfigi = 0, i = 0, 1, . . . . n - 1 (9a) A,-! = 0
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Fig. 4 Maximum total pressure recovery for two-dimensional
scramjet inlets with up to five shocks.
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Fig. 5 Shock pressure ratio's for an optimal two-dimensional
scramjet inlet with five shocks (one internal shock).

Equating the partial derivatives of F with respect to y0, ylt
... , yn~i to zero, gives the n equations:

dy,

dy,
,n - 2

(lib)

Note that/, #,, ft and their derivatives, can all be expressed
analytically in terms of xt and y,, so that Eqs. (lla) and (lib)
are algebraic, not differential equations.

Together with the m = n -f- 2 constraining relations [Eqs.
(9a-c)], Eqs. (1 la) and (1 Ib) represent 3n + 2 algebraic equa-
tions for the 3n + 2 unknowns jci, x2, - - - , xnt y0, Ji, • • • ,
}>„_], and A0, AI, . . ., AM+1 . It is at this point that the current
analysis proceeds differently from Ref. 1. For a supersonic
inlet terminated by a normal shock, mathematical manipulation
of equations similar to (1 la) and (lib) leads to a set of n — 1
identical equations for the n — 1 oblique shocks. Oswatitsch1
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Fig. 6 Optimal turning angles for two-dimensional scramjet in-
lets with one internal shock: a) n = 3, b) n = 4, c) n = 5 shocks.

therefore recognized that the solution to the optimal supersonic
inlet problem involved n — 1 identical oblique shocks; i.e.,
oblique shocks of equal strength. Unfortunately, the solution
to the optimal scramjet inlet problem is less obvious. Specifi-
cally, the terms involving derivatives of 0, in Eqs. (lla) and
(lib), with respect to both x{ and y,, make simplification of
the equation set difficult. In this instance, therefore, the full set
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of 3n + 2 equations must be solved for a particular number
of shocks using a multi-dimensional secant method such as
that described in Ref. 4. Given a reasonable initial guess for
the solution, this technique was found to be quite successful
at finding a global maxima for scramjet inlet total pressure
recovery.

Results and Discussion
The set of 3n + 2 equations representing the scramjet op-

timization problem were solved in the current work for n - 2,
3. 4, and 5 shocks. The initial solution used to start the iterative
solver assumed all external shocks to have equal strength, and
all Lagrange multipliers set to zero. Figure 3 shows the inlet
compression ratio required to make the exit pressure equal to
the freestream dynamic pressure between Mach 4 and 10. Fig-
ure 4 shows the optimum total pressure recovery for two-di-
mensional inlets operating between Mach 4 and 10, which pro-
duce the pressure rise indicated in Fig. 3. As expected, the
optimum total pressure recovery increases with the number of
shocks and decreases with Mach number. Figure 5 shows the
pressure ratio across all of the shocks for the case of n = 5. It
appears that a scramjet inlet with maximum total pressure re-
covery has external shocks with almost equal strength. How-
ever, the internal shock, which is constrained to turn the flow
the same magnitude as all the external shocks combined, is
considerably stronger. For all cases investigated in the current
work, optimum scramjet inlets had external shocks with
strengths differing by less than 0.5%. This result is not obvious
from an examination of the order of the terms in the equations
defining the scramjet inlet optimization problem.

The optimum turning angles for scramjet inlets with n - 3,
4. and 5 shocks are plotted in Figs. 6a-6c. Note that the
amount of shock turning increases as flow proceeds through
the inlet, to keep shock strength almost constant. Also note
that the optimal turning angles remain relatively constant over
a wide Mach number range. This characteristic can be utilized
in the design of inlets required to operate away from the design
Mach number.

The analysis described in the previous section may be easily
adapted to cases involving two internal shocks. In particular,
if the shock labeled n — 2 is internal (instead of external), then
all terms involving 0,,_2 or its derivatives in Eqs. (9b), (11 a),
and (lib) must be changed from positive to negative. No fur-
ther changes in the analysis are required. The optimal total

pressure recoveries for n = 4 and 5 shocks (with two of the
shocks being internal) are also plotted in Fig. 4. As clearly
indicated in Fig. 4, breaking the internal compression into two
shocks significantly increases the optimal total pressure recov-
ery of an inlet with four or five shocks. Interestingly, optimal
internal shocks have almost the same strength; however, this
strength is generally different from the optimal external shock
strength because of the imposed flow turning constraint. The
choice of one or two internal shocks for a particular inlet de-
pends on the tradeoff between inviscid efficiency, boundary-
layer separation control, acceptable internal contraction ratio
for inlet starting, and inlet length.

Conclusions
Two-dimensional scramjet inlets with up to five shock waves

have been optimized for maximum total pressure recovery us-
ing the method of Lagrange multipliers. The constraints placed
on the inlets were a compression ratio consistent with a free-
stream dynamic pressure to exit pressure ratio equal to unity,
one internal shock and exit flow parallel with incoming flow.
Results showed that optimal scramjet inlets have internal
shocks of almost equal strength. Optimal total pressure recov-
eries and turning angles are plotted for inlets operating be-
tween Mach 4 and 10, indicating that optimal turning angles
remain relatively constant over a wide Mach number range.
For inlets with many shocks, breaking the internal compression
into two shocks can significantly improve the optimal inlet
total pressure recovery. The method of Lagrange multipliers is
an efficient method for optimizing problems with analytically
differentiable objective functions, as it requires trivial amounts
of computational resources compared with more general op-
timization techniques.
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